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GLOBAL AXISYMMETRIC SOLUTIONS OF 3D INHOMOGENEOUS
INCOMPRESSIBLE NAVIER-STOKES SYSTEMS WITH NONZERO SWIRL
HUI CHEN, DAOYUAN FANG, TING ZHANG
Abstract. In this paper, we investigate the global well-posedness for the 3-D inhomogeneous
incompressible Navier-Stokes system with the axisymmetric initial data. We prove the global
well-posedness provided that
‖a0
r
‖∞ and ‖uθ0‖3 are sufficiently small.
Furthermore, if u0 ∈ L1 and ruθ0 ∈ L1 ∩ L2, we have
‖uθ(t)‖2
2
+ 〈t〉‖∇(uθeθ)(t)‖22 + t〈t〉(‖uθt (t)‖22 + ‖∆(uθeθ)(t)‖22) ≤ C〈t〉−
5
2 , ∀ t > 0.
1. Introduction
In this paper, we consider the initial value problem of 3D inhomogeneous incompressible Navier-
Stokes equations with the axisymmetric initial data:

∂tρ+ div(ρu) = 0, (t, x) ∈ R+ × R3,
∂t(ρu) + div(ρu⊗ u)−∆u+∇Π = 0,
divu = 0,
(ρ,u)|t=0 = (ρ0,u0).
(1.1)
where ρ, u = (u1, u2, u3) and Π stand for the density, the velocity of the fluid and the pressure,
respectively.
The global weak solution to the above system was constructed by Simon [7] (See also Lions
[6]). However, the problem of uniqueness has not been solved. Regularity of such weak solution
in three dimension becomes one of the open problems in the mathematical fluid mechanics.
In the case of the smooth initial data without vacuum, Ladyz˘enskaja and Solonnikov [8] ad-
dressed the question of the unique solvability of the initial-boundary value problem for the system
(1.1) in the bounded domain, and Dachin [9, 10] established the well-posedness of the system (1.1)
in the whole space Rd. Also, there are some recent progresses [2, 4] along this line.
On the other hand, we recall that except the initial data have some special structure, it is still
not known whether or not the system (1.1) has a unique global smooth solution with large smooth
initial data, even for the classical Navier-Stokes system, which corresponds to ρ = 1 in (1.1).
For instance, the global well-posedness result for the classical axisymmetric Navier-Stokes system
was firstly proved under no swirl assumption, independently by Ukhovskii and Yudovich [14], and
Ladyzhenskaya [13], also [12] for a refined proof. And we [5] established the global well-posdeness
for the classical axisymmetric Navier-Stokes system provided the initial swirl component uθ0 is
sufficient small, i.e.,
‖uθ0‖3 ≤
1
C
exp{−C‖u0‖22 (‖ωθ0‖22 + (‖
ωθ0
r
‖2 + ‖∂3u
θ
0
r
‖2) 43‖u0‖22)}, (1.2)
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where the right hand side of the above inequality is scaling invariant. Recently, H. Abidi, P.
Zhang [1] obtained the global smooth axisymmetric solution without swirl for the inhomogeneous
Navier-Stokes equations (1.1) when ‖a0
r
‖∞ is sufficiently small, a0 = 1ρ0 − 1.
Inspired by [1] and [5], we assume that the solution of (1.1) is axisymmetric, i.e.,
ρ(t, x) = ρ(t, r, x3), Π(t, x) = Π(t, r, x3),
u(t, x) = ur(t, r, x3)er + u
θ(t, r, x3)eθ + u
3(t, r, x3)e3,
where
er = (
x1
r
,
x2
r
, 0), eθ = (−x2
r
,
x1
r
, 0), e3 = (0, 0, 1), r =
√
x21 + x
2
2.
Then from (1.1), we have

∂tρ+ u · ∇ρ = 0,
ρ∂tu
r + ρu · ∇ur − (∆− 1
r2
)ur − ρ (uθ)2
r
+ ∂rΠ = 0,
ρ∂tu
θ + ρu · ∇uθ − (∆− 1
r2
)uθ + ρu
θur
r
= 0,
ρ∂tu
3 + ρu · ∇u3 −∆u3 + ∂3Π = 0,
∂ru
r + 1
r
ur + ∂3u
3 = 0,
(ur, uθ, u3)|t=0 = (ur0, uθ0, u30).
(1.3)
For the axisymmetric velocity field u, we can also compute the vorticity ω = curl u as follows,
ω = ωrer + ω
θeθ + ω
3e3, (1.4)
with
ωr = −∂3uθ, ωθ = ∂3ur − ∂ru3, ω3 = ∂ruθ + u
θ
r
. (1.5)
And we can deduce the equations of vorticity

∂tω
r + u · ∇ωr + ∂3(1ρ(∆− 1r2 )uθ)− (ωr∂r + ω3∂3)ur = 0,
∂tω
θ + u · ∇ωθ − ∂3(1ρ((∆− 1r2 )ur − ∂rΠ)) + ∂r(1ρ(∆u3 − ∂3Π))− 2u
θ∂3u
θ
r
− urωθ
r
= 0,
∂tω
3 + u · ∇ω3 − (∂r + 1r )(1ρ(∆− 1r2 )uθ)− (ωr∂r + ω3∂3)u3 = 0,
(ωr, ωθ, ω3)|t=0 = (ωr0, ωθ0, ω30).
(1.6)
Then we state our main theorem, where we set (Φ,Γ) = (ω
r
r
, ω
θ
r
), σ(t) = min{t, 1}, 〈t〉 = √1 + t2.
Theorem 1.1. Assume (ρ0,u0) is axisymmetric, a0 =
1
ρ0
− 1 ∈ L2 ∩ L∞ with a0
r
∈ L∞, u0 ∈ H1,
Γ0,Φ0 ∈ L2, 0 < m ≤ ρ0 ≤M with some positive constants m and M . Then there exists a positive
time T∗ so that the system (1.1) has a unique solution (ρ,u) on [0, T∗), satisfying for any T < T∗
ρ ∈ L∞(0, T ;R3), u ∈ C([0, T ];H1(R3)), and ∇u ∈ L2(0, T ;H1(R3)),
sup
t∈[0,T ]
(
σ(t)(‖ut(t)‖22 + ‖u(t)‖2H˙2 + ‖∇Π(t)‖22) +
∫ t
0
σ(τ)‖∇ut(τ)‖22 dτ
)
<∞. (1.7)
In addition, there exists a positive constant C = C(m,M), such that if
‖uθ0‖3 + ‖
a0
r
‖∞‖u0‖22 ≤ η1, ‖
a0
r
‖2∞(‖(uθ0)2‖22 + ‖∇u0‖22) ≤ η1(‖Γ0‖22 + ‖Φ0‖22), (1.8)
where
η1 =
1
2C
exp
(−C‖u0‖32(‖Γ0‖2 + ‖Φ0‖2)) , (1.9)
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then the solution (ρ,u) is global, i.e. T∗ = ∞. Furthermore, assume that u0 ∈ L1 and ruθ0 ∈
L1 ∩ L2, we have
‖b(t)‖2L2 + 〈t〉‖∇b(t)‖2L2 + t〈t〉‖(bt,∆b)(t)‖2L2 ≤ C〈t〉−
3
2 , (1.10)
‖ruθ(t)‖22 ≤ C〈t〉−
3
2 ,
‖uθ(t)‖22 + 〈t〉‖∇(uθeθ)(t)‖22 + t〈t〉(‖uθt (t)‖22 + ‖∆(uθeθ)(t)‖22) ≤ C〈t〉−
5
2 .
(1.11)
Remark 1. From the above theorem, we can obtain the global existence of the smooth axisym-
metric solution for the 3D inhomogeneous incompressible Navier-Stokes system when
‖a0
r
‖∞ and ‖uθ0‖3 are sufficiently small.
It is well-known that the solutions of equations (1.1) have scaling properties, as
uλ(t, x) = λu(λ
2t, λx), Πλ(t, x) = λ
2Π(λ2t, λx), ρλ(t, x) = ρ(λ
2t, λx).
We attempt to obtain the global well-posedness result mostly under some scaling invariant con-
ditions. Fortunately, the inequalities (1.8) are indeed scaling invariant. If we choose ρ0 = 1 in
Theorem 1.1, we can obtain the global well-posedness for the 3D classical axisymmetric Navier-
Stokes system when
‖uθ0‖3 ≤
1
2C
exp
(−C‖u0‖32(‖Γ0‖2 + ‖Φ0‖2)) . (1.12)
The above small condition is better than (1.2). If we choose uθ0 = 0 in Theorem 1.1, we can obtain
the global well-posedness for the 3D inhomogeneous axisymmetric Navier-Stokes system without
swirl when
‖a0
r
‖2∞(‖∇u0‖22 + ‖u0‖42‖Γ0‖22) ≤
1
2C
exp
(−C‖u0‖32‖Γ0‖2) ‖Γ0‖22. (1.13)
This small condition is much clear than that in [1].
Remark 2. In [1] (Section 3), H. Abidi and P. Zhang obtain the following decay estimates,
‖u(t)‖2L2 + 〈t〉‖∇u(t)‖2L2 + t〈t〉‖(ut,∆u)(t)‖2L2 ≤ C〈t〉−
3
2 . (1.14)
The decay estimates (1.14) also hold for the non-axisymmetric case. One cannot obtain any
special behavior for the axisymmetric case from (1.14). In Theorem 1.1, we obtain that the swirl
component uθ will share better decay estimates than (ur, u3). One can easily show that these
decay estimates are optimal under the conditions ρ0 ≡ 1, u0 ∈ L1 ∩H2 and ruθ0 ∈ L1 ∩ L2.
Thanks to the blow up criteria (for example, see [19]), to prove the global well-posedness, we
only need to prove that ‖∇u‖L∞,2
T
is bounded for all T > 0. For the axisymmetric solution of
(1.1) without swirl, for example, the homogeneous case [12, 13, 14] or the inhomogeneous case
with ‖a0
r
‖∞ sufficiently small [1], the authors are used to prove
‖Γ(t)‖22 ≤ constant, ∀t ∈ (0,∞),
then
‖∇u‖2 ≈ ‖wθ‖2 ≤ constant, ∀t ∈ (0,∞).
However, when the solutions have nonzero swirls, the estimate of ‖Γ(t)‖2 will depend on many
complicated terms. For the homogeneous case, we [5] find that the system of the pair (Φ,Γ) has
some good structures, and we easily show that
‖Γ(t)‖22 + ‖Φ(t)‖22 ≤ constant, ∀t ∈ (0,∞).
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In such sense of consideration, we consider the following system for the pair (Φ,Γ),{
∂tΦ+ u · ∇Φ+ 1r∂3(1ρ(∆− 1r2 )uθ)− (ωr∂r + ω3∂3)u
r
r
= 0,
∂tΓ + u · ∇Γ− 1r∂3(1ρ((∆− 1r2 )ur − ∂rΠ)) + 1r∂r(1ρ(∆u3 − ∂3Π)) + 2u
θ
r
Φ = 0.
(1.15)
If we assume a = 1
ρ
− 1, a|r=0 = 0, we also have the following important new identity,
1
2
d
dt
(‖Φ‖22 + ‖Γ‖22) + ‖∇Φ‖22 + ‖∇Γ‖22
=
∫
R3
[(ωr∂r + ω
3∂3)
ur
r
Φ− 2ΓΦ
+
a
r
(∂rω
3 − ∂3ωr)∂3Φ− a
r
(∂3ω
θ − ∂rΠ)∂3Γ− a
r
(∂rω
θ + Γ + ∂3Π)∂rΓ] dx.
This is the key ingredient for us to obtain some a priori estimates for the inhomogeneous axisym-
metric Navier-Stokes system (1.3). However, this identity contains many more complicated terms
compared with [5]. Fortunately, it can be controlled along by the estimates (2.16) and (2.23).
Then we can reach the goal by the continuous method under the small assumptions (1.8). We
may need to point out there are two technical steps in our proofs:
(1): using ‖Γ(t)‖2 and the energy method to estimate ‖ω‖2 (see Lemmas 2.6 and 2.7);
(2): using the energy method to estimate ‖Γ(t)‖2 + ‖Φ(t)‖2 (see Lemma 2.8).
Furthermore, since there is no pressure term in the equations of (wr, w3) (1.6), one can use the
similar argument as that in the homogeneous case [3], using ‖b‖L∞ to estimate ‖wr‖2 + ‖w3‖2.
But, in our case, we have to give a new estimate for ‖wr‖2 + ‖w3‖2 in Lemma 2.6.
Notations. We denote ∇˜ = (∂r, ∂3), u˜ = (ur, u3),b = urer + u3e3, and if f(x) is axisymmetric,
i.e. f(x) = f(r, x3), we have
u · ∇f = b · ∇f = (ur∂r + u3∂3)f.
We introduce the Banach space Lp,qT , equipped with norm
‖f‖Lp,q
T
=
{ (∫ T
0
‖f(t)‖pq dt
) 1
p , if 1 ≤ p <∞,
ess supt∈(0,T )‖f(t)‖q, if p =∞,
where
‖f(t)‖q =
{ (∫
R3
|f(t, x)|q dx) 1q , if 1 ≤ q <∞,
ess supx∈R3 |f(t, x)|, if q =∞.
2. Preliminaries
From Lemmas 2.2-2.4 in [5], we present the following proposition of the axisymmetric velocity,
which is frequently used in the axisymmetric system.
Proposition 2.1. Assume (ρ,u) is the smooth axisymmetric solution of (1.1) on [0, T ], with the
initial data u0, and curl u = ω, then
i) u = uθeθ +∇× (ψeθ) = −∂3ψer + uθeθ + ∂r(rψ)r e3, with
uθ(t, r, x3), ψ(t, r, x3), ω
θ(t, r, x3) ∈ C1(0, T ;C∞(R+ × R)),
and uθ(t, 0, x3) = ψ(t, 0, x3) = ω
θ(t, 0, x3) = 0
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ii) There exists a constant C = C(q), such that for ∀t ∈ [0, T ] and 1 < q <∞,
‖∇˜ur‖q + ‖∇˜u3‖q + ‖u
r
r
‖q ≤ C‖ωθ‖q, (2.1)
‖∇˜uθ‖q + ‖u
θ
r
‖q ≤ C‖∇u‖q.
iii)
ur
r
= ∆−1∂3(Γ)− 2∂r
r
∆−2∂3(Γ).
There exists a constant C = C(q), such that for 1 < q <∞,
‖∇˜u
r
r
‖q ≤ C(q) ‖Γ‖q, (2.2)
‖∇˜∇˜u
r
r
‖q ≤ C(q) ‖∂3(Γ)‖q,
and
‖u
r
r
‖∞ ≤ C ‖Γ‖
1
2
2 ‖∇Γ‖
1
2
2 . (2.3)
iv) Sobolev-Hardy inequality. If 0 ≤ s < 2, q∗ ∈ [2, 2(3 − s)], then there exists a positive
constant Cq∗,s, such that for all f ∈ C∞0 (R3),∥∥∥∥ fr sq∗
∥∥∥∥
q∗
≤ Cq∗,s‖f‖
3−s
q∗
− 1
2
2 ‖∇f‖
3
2
− 3−s
q∗
2 .
We can extend the properties in [1] to the axisymmetric velocity with nonzero swirls, and have
following identities.
Lemma 2.2. Under the conditions in Proposition 2.1, we have
(∆− 1
r2
)ur = ∂3ω
θ, (2.4)
(∆− 1
r2
)uθ = ∂rω
3 − ∂3ωr, (2.5)
∆u3 = −∂rωθ − Γ, ∇ · ω = 0. (2.6)
Proof. They can be deduced directly from (1.5) and the divergence-free property of u. For instance,
(∆− 1
r2
)uθ = (∂2r + ∂
2
3 +
1
r
∂r − 1
r2
)uθ
= ∂r(ω
3 − u
θ
r
)− ∂3ωr + (1
r
∂r − 1
r2
)uθ
= ∂rω
3 − ∂3ωr.
Using the similar argument as that in [1], we have
(∆− 1
r2
)ur = (∂2r + ∂
2
3 +
1
r
∂r − 1
r2
)ur
= ∂r(−u
r
r
− ∂3u3) + ∂3(ωθ + ∂ru3) + (1
r
∂r − 1
r2
)ur
= ∂3ω
θ,
and
∆u3 = −∂rωθ − Γ.
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
Thus we can propose the following remark which is essential in the proof of Theorem 1.1.
Remark 3. Set B = ωrer + ω
3e3, and
∇ ·B = 0, ∇×B = (∂3ωr − ∂rω3)eθ.
Thus
‖∇ωr,∇ω3‖p + ‖Φ‖p ≤ C‖∇B‖p ≤ C‖∂3ωr − ∂rω3‖p, 1 < p <∞. (2.7)
2.1. A priori estimates. Now we shall present some a priori estimates in this section.
One can easily obtain the following lemma and omit the detail, see [6].
Lemma 2.3. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ],
0 < m ≤ ρ ≤M, (2.8)
and the energy inequality,
1
2
‖√ρu‖22 +
∫ t
0
‖∇u‖22 ≤ C‖u0‖22. (2.9)
For the convenience of the proof, we estimate the swirl component and the convection term
below. The proofs of these two lemmas will be given in the Appendix.
Lemma 2.4. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ],
d
dt
∥∥√ρ(uθ)2∥∥2
2
+
∥∥∇(uθ)2∥∥2
2
+
∥∥∥∥(uθ)2r
∥∥∥∥
2
2
≤ C‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 . (2.10)
Lemma 2.5. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ],
‖u · ∇u˜‖22 = ‖u · ∇ur‖22 + ‖u · ∇u3‖22
≤ Cδ‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 + δ(‖∇ωθ‖22 + ‖Γ‖22), (2.11)
where δ is sufficient small.
We now evaluate the terms ‖ωr‖2 and ‖ω3‖2 by the system (1.6).
Lemma 2.6. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ],
d
dt
(‖ωr‖22 + ‖ω3‖22) + ‖∇˜ωr‖22 + ‖∇˜ω3‖22 + ‖Φ‖22
≤ Cδ‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 + δ‖∇ω‖22, (2.12)
where δ is sufficiently small.
Proof. Multiplying the equations (1.6)1 and (1.6)3 by ω
r and ω3, respectively, using integration
by parts and Lemma 2.2, we have
1
2
d
dt
(‖ωr‖22 + ‖ω3‖22) +
∫
R3
1
ρ
(∂3ω
r − ∂rω3)2 dx
=
∫
R3
(ωr∂r + ω
3∂3)u
rωr + (ωr∂r + ω
3∂3)u
3ω3 dx
= J1 + J2 + J3 + J4. (2.13)
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Take v1 = (u
r, uθ), v2 = (ω
r, ωθ, ω3) and r0 as in (5.3). By the similar calculus as that in the
proof of Lemma 2.5, we have
‖v1v2|r>r0‖22 ≤ (
∫
R
∫ ∞
r0
|r 12v1|4drdx3) 12 (
∫
R
∫ ∞
r0
|v2|4drdx3) 12
≤ C(
∫
R
∫ ∞
r0
|r 12v1|2drdx3) 12 (
∫
R
∫ ∞
r0
|∇˜(r 12v1)|2drdx3) 12
×(
∫
R
∫ ∞
r0
|v2|2drdx3) 12 (
∫
R
∫ ∞
r0
|∇˜v2|2drdx3) 12
≤ C
r0
‖u‖2‖∇u‖22‖∇ω‖2
≤ C‖u‖
2
3
2 ‖Γ‖
2
3
2 ‖∇u‖
5
3
2 ‖∇ω‖2, (2.14)
and
‖urv2|r≤r0‖22 ≤ r20‖
ur
r
v2‖22
≤ Cr20‖∇
ur
r
‖22‖v2‖23
≤ Cr20‖Γ‖22‖∇u‖2‖∇ω‖2.
≤ C‖u‖
2
3
2 ‖Γ‖
2
3
2 ‖∇u‖
5
3
2 ‖∇ω‖2. (2.15)
Using integration by parts, Cauchy inequality, (2.1), (2.2), (2.14), (2.15) and the fact (1.5), we
have
J1 =
∫
R3
∂ru
rωrωr dx
=
∫
R3
−2urωr∂rωr − urωrΦ dx
≤ C‖urωr‖2‖∇ω‖2
≤ C(‖urωr|r≤r0‖2 + ‖urωr|r>r0‖2)‖∇ω‖2
≤ C‖u‖
1
3
2 ‖Γ‖
1
3
2 ‖∇u‖
5
6
2 ‖∇ω‖
3
2
2 ,
and
J2 =
∫
R3
−ur∂3(ωrω3) dx
≤ C‖urv2‖2‖∇ω‖2
≤ C(‖urv2|r≤r0‖2 + ‖urv2|r>r0‖2)‖∇ω‖2
≤ C‖u‖
1
3
2 ‖Γ‖
1
3
2 ‖∇u‖
5
6
2 ‖∇ω‖
3
2
2 .
Similarly, using ∂ru
3 = ∂3u
r − ωθ, we have
J3 = J2 −
∫
R3
ωθωrω3 dx
= J2 −
∫
R
∫
r≤r0
rΓωrω3 rdrdx3 +
∫
R
∫
r>r0
∂3u
θωθω3rdrdx3
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≤ |J2|+ r0
∫
r≤r0
|Γωrω3| dx++
∫
R
∫
r>r0
|uθ||∂3(ωθω3)| dx
≤ |J2|+ r0‖Γ‖2‖∇u‖
1
2
2 ‖∇ω‖
3
2
2 + ‖uθv2|r>r0‖2‖∇ω‖2
≤ |J2|+ C‖u‖
1
3
2 ‖Γ‖
1
3
2 ‖∇u‖
5
6
2 ‖∇ω‖
3
2
2
≤ C‖u‖
1
3
2 ‖Γ‖
1
3
2 ‖∇u‖
5
6
2 ‖∇ω‖
3
2
2 ,
and
J4 =
∫
R3
−∂r(ru
r)
r
(ω3)2 dx
=
∫
R3
2urω3∂rω
3 dx
≤ C‖u‖
1
3
2 ‖Γ‖
1
3
2 ‖∇u‖
5
6
2 ‖∇ω‖
3
2
2 .
Combining the above inequalities, we have
J1 + J2 + J3 + J4 ≤ C‖u‖
1
3
2 ‖Γ‖
1
3
2 ‖∇u‖
5
6
2 ‖∇ω‖
3
2
2
≤ Cδ‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 + δ‖∇ω‖22.
Recall that the density has lower bound ρ ≥ m > 0 and (2.7), we have (2.12). 
We present an essential estimate of ‖∇u‖
L
∞,2
T
as follows.
Lemma 2.7. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ],∥∥(uθ)2∥∥2
L
∞,2
t
+ ‖ω‖2
L
∞,2
t
+
∥∥∇(uθ)2∥∥2
L
2,2
t
+
∥∥∥∥(uθ)2r
∥∥∥∥
2
L
2,2
t
+ ‖urt‖2L2,2t + ‖u
3
t‖2L2,2t + ‖∇Π‖
2
L
2,2
t
+ ‖∇ω‖2
L
2,2
t
≤ C(‖(uθ0)2‖22 + ‖∇u0‖22 + ‖u0‖42‖Γ‖2L∞,2t ) exp(C‖u0‖
3
2‖Γ‖L∞,2t ). (2.16)
Proof. • The H˙1 estimates of ur, u3.
Multiplying the equations (1.3)2 and (1.3)4 by ∂tu
r and ∂tu
3, respectively, using integration by
parts and Cauchy inequality, we have
1
2
d
dt
(‖∇ur‖22 + ‖∇u3‖22 + ‖
ur
r
‖22) + ‖
√
ρurt‖22 + ‖
√
ρu3t‖22
= −
(∫
R3
ρu · ∇ururt − ρ
(uθ)2
r
urt + ρu · ∇u3u3t dx
)
≤ C(‖u · ∇ur‖22 + ‖u · ∇u3‖22 + ‖
(uθ)2
r
‖22) +
1
2
(‖√ρurt‖22 + ‖
√
ρu3t‖22). (2.17)
• The estimates of Π and ∇ωθ by the Stokes equation.
By Lemma 2.2, we can deduce the stokes system{
−∂3ωθ + ∂rΠ = −ρ∂tur − ρu · ∇ur + ρ (u
θ)2
r
,
∂rω
θ + Γ + ∂3Π = −ρ∂tu3 − ρu · ∇u3.
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Multiplying the above equations by ∂rΠ and ∂3Π respectively, using integration by parts, Cauchy
inequality and the fact that ωθ|r=0 = 0, we have
‖∇Π‖22 = −
(∫
R3
ρu · ∇ur∂rΠ− ρ(u
θ)2
r
∂rΠ+ ρu · ∇u3∂3Π dx
)
(2.18)
−
(∫
R3
ρ∂tu
r∂rΠ+ ρ∂tu
3∂3Π dx
)
≤ C(‖u · ∇ur‖22 + ‖u · ∇u3‖22 + ‖
(uθ)2
r
‖22) + C(‖
√
ρurt‖22 + ‖
√
ρu3t‖22) +
1
2
‖∇Π‖22.
Along the same line, multiplying the above system by −∂3ωθ and ∂rωθ+Γ respectively, we have
‖∇ωθ‖22 + ‖Γ‖22 =
∫
R3
(ρ∂tu
r + ρu · ∇ur − ρ(u
θ)2
r
)∂3ω
θ dx
−
∫
R3
(ρ∂tu
3 + ρu · ∇u3)(∂rωθ + Γ) dx
≤ C(‖u · ∇ur‖22 + ‖u · ∇u3‖22 + ‖
(uθ)2
r
‖22) + C(‖
√
ρurt‖22 + ‖
√
ρu3t‖22)
+
1
2
(‖∇ωθ‖22 + ‖Γ‖22). (2.19)
Combining (2.18) and (2.19), we get
‖∇Π‖22 + ‖∇ωθ‖22 + ‖Γ‖22
≤ C(‖u · ∇ur‖22 + ‖u · ∇u3‖22 + ‖
(uθ)2
r
‖22) + C(‖
√
ρurt‖22 + ‖
√
ρu3t‖22). (2.20)
Combining the above estimates (2.10), (2.17), and (2.20), applying (2.11), we obtain
d
dt
(
∥∥√ρ(uθ)2∥∥2
2
+ ‖∇ur‖22 + ‖∇u3‖22 + ‖
ur
r
‖22) +
∥∥∇(uθ)2∥∥2
2
+
∥∥∥∥(uθ)2r
∥∥∥∥
2
2
+(‖√ρurt‖22 + ‖
√
ρu3t‖22 + ‖∇Π‖22 + ‖∇ωθ‖22 + ‖Γ‖22)
≤ C(‖u · ∇ur‖22 + ‖u · ∇u3‖22 + ‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 )
≤ Cδ‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 + δ(‖∇ωθ‖22 + ‖Γ‖22). (2.21)
Combining the inequalities (2.12) and (2.21), we obtain
d
dt
(
∥∥√ρ(uθ)2∥∥2
2
+ ‖∇ur‖22 + ‖∇u3‖22 + ‖
ur
r
‖22 + ‖ωr‖22 + ‖ω3‖22) +
∥∥∇(uθ)2∥∥2
2
+
∥∥∥∥(uθ)2r
∥∥∥∥
2
2
+(‖√ρurt‖22 + ‖
√
ρu3t‖22 + ‖∇Π‖22 + ‖∇ωθ‖22 + ‖Γ‖22 + ‖∇ωr‖22 + ‖∇ω3‖22 + ‖Φ‖22)
≤ C‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2
≤ C(‖u‖22‖Γ‖22‖∇u‖22)
1
3 (‖u‖2‖Γ‖2‖∇u‖42)
2
3
≤ C‖u‖22‖Γ‖22‖∇u‖22 + C‖u‖2‖Γ‖2‖∇u‖42.
Apply the Grownwall’s inequality and Lemma 2.3, we have (2.16).

Using the ideas in [5], we consider the L2 estimate of the pair (Φ,Γ) as follows.
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Lemma 2.8. Under the conditions in Proposition 2.1, and assume a = 1/ρ − 1, a|r=0 = 0, we
obtain that for all t ∈ [0, T ],
1
2
d
dt
(‖Φ‖22 + ‖Γ‖22) + ‖∇Φ‖22 + ‖∇Γ‖22
≤ C‖a
r
‖∞(‖∇Π‖2 + ‖∇ωθ‖2 + ‖Γ‖2 + ‖∂rω3 − ∂3ωr‖2)(‖∇Γ‖2 + ‖∇Φ‖2)
+C0‖uθ‖3‖∇Γ‖2‖∇Φ‖2. (2.22)
Proof. Multiplying the equation (1.15) by (Φ,Γ) respectively, we have
0 =
∫
R3
(∂tΦ+ u · ∇Φ + 1
r
∂3(
1
ρ
(∆− 1
r2
)uθ)− (ωr∂r + ω3∂3)u
r
r
) · Φ dx
+
∫
R3
(∂tΓ + u · ∇Γ− 1
r
∂3(
1
ρ
((∆− 1
r2
)ur − ∂rΠ)) + 1
r
∂r(
1
ρ
(∆u3 − ∂3Π)) + 2u
θ
r
Φ) · Γ dx
:=
1
2
d
dt
(‖Φ‖22 + ‖Γ‖22) + I1 + I2 + I3.
Then, using integration by parts (1.5) and Lemma 2.2, we have
I1 =
∫
R3
1
r
∂3((1 + a)(∆− 1
r2
)uθ) · Φ dx
=
∫
R3
1
r
∂3(∆− 1
r2
)uθ) · Φ− a
r
(∆− 1
r2
)uθ) · ∂3Φ dx
=
∫
R3
−(∆ + 2
r
∂r)Φ · Φ− a
r
(∂rω
3 − ∂3ωr) · ∂3Φ dx
= ‖∇Φ‖22 − 2π
∫
R
∫ ∞
0
∂r(Φ)
2 drdx3 −
∫
R3
a
r
(∂rω
3 − ∂3ωr) · ∂3Φ dx
= ‖∇Φ‖22 + 2π
∫
R
Φ2|r=0 drdx3 −
∫
R3
a
r
(∂rω
3 − ∂3ωr) · ∂3Φ dx
≥ ‖∇Φ‖22 −
∫
R3
a
r
(∂rω
3 − ∂3ωr) · ∂3Φ dx.
Similarly, since the assumption a|r=0 = 0, we get
I2 =
∫
R3
(
−1
r
∂3((1 + a)((∆− 1
r2
)ur − ∂rΠ)) + 1
r
∂r((1 + a)(∆u
3 − ∂3Π))
)
· Γ dx
=
∫
R3
(
−1
r
∂3((1 + a)(∂3ω
θ − ∂rΠ))− 1
r
∂r((1 + a)(∂rω
θ + Γ + ∂3Π))
)
· Γ dx
=
∫
R3
−1
r
(∆− 1
r2
)ωθ · Γ + a
r
(∂3ω
θ − ∂rΠ) · ∂3Γ + a
r
(∂rω
θ + Γ + ∂3Π)∂rΓ dx
=
∫
R3
−(∆ + 2
r
∂r)Γ · Γ + a
r
(∂3ω
θ − ∂rΠ) · ∂3Γ + a
r
(∂rω
θ + Γ + ∂3Π)∂rΓ dx
= ‖∇Γ‖22 − 2π
∫
R
∫ ∞
0
∂r(Γ)
2 drdx3 +
∫
R3
a
r
(∂3ω
θ − ∂rΠ) · ∂3Γ + a
r
(∂rω
θ + Γ + ∂3Π)∂rΓ dx
= ‖∇Γ‖22 + 2π
∫
R
Γ2|r=0 dx3 +
∫
R3
a
r
(∂3ω
θ − ∂rΠ) · ∂3Γ + a
r
(∂rω
θ + Γ + ∂3Π)∂rΓ dx
3D INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES SYSTEMS 11
≥ ‖∇Γ‖22 +
∫
R3
a
r
(∂3ω
θ − ∂rΠ) · ∂3Γ + a
r
(∂rω
θ + Γ + ∂3Π)∂rΓ dx.
And using the similar calculus in [5], (2.2) and Sobolev-Hardy inequality in Proposition 2.1, we
have
|I3| = |
∫
R3
−(ωr∂r + ω3∂3)u
r
r
· Φ + 2u
θ
r
Φ · Γ dx|
= |2π
∫
R
∫ ∞
0
(∂3u
θ∂r
ur
r
Φ− ∂r(ru
θ)
r
∂3
ur
r
Φ) + 2
uθ
r
Φ · Γ rdrdx3|
= |
∫
R3
−uθ(∂3∂ru
r
r
Φ+ ∂r
ur
r
∂3Φ) dx+
∫
R3
uθ(∂r∂3
ur
r
Φ + ∂3
ur
r
∂rΦ) + 2
uθ
r
Φ · Γ dx|
= |
∫
R3
uθ(−∂ru
r
r
∂3Φ+ ∂3
ur
r
∂rΦ) + 2
uθ
r
Φ · Γ dx|
≤ ‖uθ‖3(‖∂ru
r
r
‖6‖∂3Φ‖2 + ‖∂3u
r
r
‖6‖∂rΦ‖2) + 2‖uθ‖3‖ Φ
r
1
2
‖3‖ Γ
r
1
2
‖3
≤ C‖uθ‖3‖∇Γ‖2‖∇Φ‖2.
Combining the above estimate, we have (2.22). 
Lemma 2.9. Under the condtions in Lemma 2.8, we obtain that for all t ∈ [0, T ],
‖a
r
‖L∞,∞t ≤ ‖
a0
r
‖∞ exp(t 34‖Γ‖
1
2
L
∞,2
t
‖∇Γ‖
1
2
L
2,2
t
). (2.23)
Proof. It follows from the transport equation of (1.3) that
∂ta+ u · ∇a = 0, (2.24)
and
∂t
a
r
+ u · ∇a
r
+
ur
r
a
r
= 0, (2.25)
which yields (2.23) by applying (2.3). 
3. Proof of the well-posedness part of Theorem 1.1
We are going to complete the proof of the well-posedness part of Theorem 1.1 in this section.
It is well known that if the initial data (ρ0,u0) satisfies
0 < m ≤ ρ0 ≤M, u0 ∈ H1,
then the system (1.1) has a local unique solution (ρ,u) on [0, T∗) satisfying (1.7) (see [4] for
instance).
We mollify the initial data (ρ0,u0). Let J
ǫ = ǫ−3J( r
ǫ
, x3
ǫ
) be mollifiers, with
0 ≤ J ≤ 1, suppJ ⊂ {0 ≤ r ≤ 2,−1 ≤ x3 ≤ 1},
J ≡ 1, if x ∈ {0 ≤ r ≤ 1
2
,−1
2
≤ x3 ≤ 1
2
},
∫
J dx = 1,
and
ρǫ0 = J
ǫ ∗ ρ0 − (J ǫ ∗ (ρ0 − 1))(0, x3), uǫ0 = J ǫ ∗ u0. (3.1)
Obviously, ρǫ0,u
ǫ
0 are still axisymmetric. we claim that (1.1) has a unique global smooth axisym-
metric solution (ρǫ,uǫ) with the initial data (ρǫ0,u
ǫ
0), provided that (1.8) is satisfied. Then the
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global existence part of Theorem 1.1 follows from uniform estimates (2.8), (3.5), and a standard
compactness argument.
There are some properties of the initial data (ρǫ0,u
ǫ
0). For the convenience of the reader, we give
the proof of this lemma in the Appendix.
Lemma 3.1. If ǫ is sufficient small, and ρ0 satisfies 0 < m ≤ ρ0 ≤ M, then
ρǫ0 = 1, if r = 0,
0 <
m
2
≤ ρǫ0 ≤
M
2
,
|ρǫ0 − 1| ≤ C‖
ρ0 − 1
r
‖∞ r.
It is easy to show that a0,u0 ∈ H∞. From the local well-posedness result in [11] (Corollary
0.8) and [18], it ensures that the system admits a unique axisymetric solution (aǫ,uǫ,∇Πǫ) of the
equations derived from (1.1)

∂ta+ div(au) = 0,
∂tu+ u · ∇u− (1 + a)∆u+ (1 + a)∇Π = 0,
divu = 0,
(a,u)|t=0 = (a0,u0)
(t, x) ∈ R+ × R3,
in [0, T ǫ∗). And for any T
ǫ < T ǫ∗ , the solution satisfyies
aǫ ∈ C([0, T ǫ];Hs); uǫ ∈ C([0, T ǫ];Hs) ∩ L˜1(0, T ǫ;Hs+2),
∇Πǫ ∈ L˜1(0, T ǫ;Hs), s > 5
2
.
Then, we will show that the maximal existence time T ǫ∗ = ∞ as follows, provided (1.8) is
satisfied.
Without loss of generality, we denote ρ = ρǫ,u = uǫ,Π = Πǫ, and so on. And we assume
T∗ <∞.
Lemma 3.2. We claim that a|r=0 = 0.
Proof. We can define the unique trajectory χ(t, x) of u(t, x) by
∂tχ(t, x) = u(t,χ(t, x)), χ(0, x) = x.
Since ur|r=0 = uθ|r=0 = 0, we have that χ(t, x) = (0, 0, χ3(t, x3) satisfying
∂tχ
3(t, x3) = u
3(t, χ3(t, x3)), χ
3(0, x3) = x3.
is the trajectory from the initial point (0, 0, x3). Therefore, by (2.24), there exists a trajectory
χ(t, x) = (0, 0, χ3(t, x3)),
a(t, x)|r=0 = a(t,χ(t, x)) = a(0, 0, x3) = a0(x)|r=0 = 0.

Lemma 3.3. There exists C1, such that if T∗ > N , C1‖u0‖42, then
‖∇u(t)‖22 +
∫ t
N
‖∇2u(τ)‖22 + ‖∇Π(τ)‖22 dτ ≤ C
1
‖u0‖22
, ∀t ∈ [N, T∗). (3.2)
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Proof. By (2.9), there exists a positive constant K1, such that
sup
t∈[0,T ∗)
‖u(t)‖22 +
∫ T ∗
0
‖∇u‖22 ≤ K1‖u0‖22.
There exists a time t0 ∈ (0, N), such that
‖∇u(t0)‖22 ≤ K1
‖u0‖22
N
.
Thus
‖u(t0)‖22‖∇u(t0)‖22 ≤
K21
C1
.
From the similar argument as that in the proof of a priori estimate revealed in Lemma 2.2 in
[1], one can easily obtain that
d
dt
‖∇u‖22 + ‖
√
ρut‖22 + ‖∇2u‖22 + ‖∇Π‖22 ≤ K2‖u‖2‖∇u‖2‖∇2u‖22, t ∈ [t0, T∗),
We can pick that C1 > 4K
2
1K
2
2 is sufficiently large. By using the continuous method, it is evidence
to show that
‖∇u(t)‖22 +
∫ t
t0
‖∇2u(τ)‖22 + ‖∇Π(τ)‖22 dτ ≤ ‖∇u(t0)‖22 ≤
K1
C1‖u0‖22
, t ∈ [t0, T∗).

Now, we can deduce the contradiction by the continuous method.
Pick C2 = 4C0 where C0 is a positive constant in (2.22). We assume that there exists a maximal
time T0 ≤ min{T∗, N}, such that for t ∈ [0, T0),{
‖Γ‖2
L
∞,2
t
+ ‖Φ‖2
L
∞,2
t
+ ‖∇Γ‖2
L
2,2
t
≤ 2(‖Γ0‖22 + ‖Φ0‖22),
‖uθ‖L∞,3t ≤
1
C2
.
(3.3)
Then from (2.22) and Ho¨lder’s inequality, we obtain that for all t ∈ [0, T0),
d
dt
(‖Φ‖22 + ‖Γ‖22) + ‖∇˜Φ‖22 + ‖∇˜Γ‖22
≤ 1
2
(‖∇˜Φ‖22 + ‖∇˜Γ‖22) + C‖
a
r
‖2∞(‖∇Π‖2 + ‖∇ωθ‖2 + ‖Γ‖2 + ‖∂rω3 − ∂3ωr‖2)2.
Thus from (1.8), (2.16), (2.23), and t < T0 ≤ N = C‖u0‖42, we have
‖Φ‖2
L
∞,2
t
+ ‖Γ‖2
L
∞,2
t
+ ‖∇˜Φ‖2
L
2,2
t
+ ‖∇˜Γ‖2
L
2,2
t
≤ ‖Γ0‖22 + ‖Φ0‖22 + C‖
a0
r
‖2∞ exp(CN
3
4 (‖Γ0‖2 + ‖Φ0‖2))
×(‖(uθ0)2‖22 + ‖∇u0‖22 + ‖u0‖42(‖Γ0‖22 + ‖Φ0‖22)) exp(C‖u0‖32(‖Γ0‖2 + ‖Φ0‖2))
≤ ‖Γ0‖22 + ‖Φ0‖22 + C‖
a0
r
‖2∞(‖(uθ0)2‖22 + ‖∇u0‖22 + ‖u0‖42(‖Γ0‖22 + ‖Φ0‖22))
× exp(C‖u0‖32(‖Γ0‖2 + ‖Φ0‖2))
≤ 3
2
(‖Γ0‖22 + ‖Φ0‖22).
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Multiplying the equation (1.3)3 by (u
θ)2, and using integration by parts, we have
1
3
∥∥∥√ρ(uθ) 32∥∥∥2
2
+
8
9
‖∇(|uθ| 32 )‖22 + ‖r−2(uθ)3‖1
= −
∫
R3
ρ
ur
r
|uθ|3dx
≤ ‖u
r
r
‖∞
∥∥∥√ρ(uθ) 32∥∥∥2
2
.
Thus by (2.3) and (1.9), we obtain
‖uθ‖L∞,3t ≤ C‖u
θ
0‖3 exp(C‖
ur
r
‖L1,∞t )
≤ C‖uθ0‖3 exp(CN
3
4 (‖Γ0‖2 + ‖Φ0‖2))
≤ 1
2C2
.
By applying the continuous method, we have the conclusion that T0 = min{T∗, N}, and (3.3)
holds for any t ∈ [0, T0).
Moreover, by combining (2.16) and (3.3), we have for any t ∈ [0, T0),
‖∇u‖2
L
∞,2
t
+ ‖∇2u‖2
L
2,2
t
+ ‖∇Π‖2
L
2,2
t
≤ CG. (3.4)
where
G = C(‖(uθ0)2‖22 + ‖∇u0‖22 + ‖u0‖42(‖Γ0‖22 + ‖Φ0‖22)) exp(C‖u0‖32(‖Γ0‖22 + ‖Φ0‖22)).
Recall Lemma 3.3 and the conversation law (2.9). We have for any t < T∗,
‖u‖2L∞((0,t);H1) +
∫ t
0
‖∇u(τ)‖2H1 + ‖∇Π(τ)‖22 dτ ≤ CG + C
1
‖u0‖22
. (3.5)
Thanks to the calculus in [19] and the blow up criteria (See Proposition 0.6 in [11], for instance),
we deduce the contraction with the fact that T∗ is the blow up time of the solution. Thus, we
obtain that T∗ =∞, and finish the proof of well-posedness part of Theorem 1.1. 
4. Proof of the decay estimates part of Theorem 1.1
When u0 ∈ L1(R3), from the proof in [1] (Section 3), we can obtain the decay estimates (1.14)
and omit the details.
Proof of the decay estimate (1.11).
• The decay estimate of ‖ruθ‖22.
From (1.3), we have
ρ∂t(ru
θ) + ρu · ∇(ruθ)− (∆− 2
r
∂r)(ru
θ) = 0. (4.1)
Multiply the equation by |ruθ|p−2ruθ, 1 < p <∞, and using integration by parts, we have
‖ruθ(t)‖p ≤ ‖ruθ0‖p.
Then, one can easily obtain that
‖ruθ(t)‖1 ≤ ‖ruθ0‖1. (4.2)
Moreover, if ‖ruθ0‖L1∩L2 ≤ C, from (4.1), we have
1
2
d
dt
‖√ρruθ‖22 + ‖∇(ruθ)‖22 = 0. (4.3)
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By the Sobolev embedding theorem and (4.2), one obtain
‖ruθ‖2 ≤ C‖ruθ‖
2
5
1 ‖∇(ruθ)‖
3
5
2
≤ C‖ruθ0‖
2
5
1 ‖∇(ruθ)‖
3
5
2
≤ C‖∇(ruθ)‖
3
5
2 . (4.4)
From (4.3)-(4.4), we have
d
dt
‖√ρruθ‖22 ≤ −C(‖ruθ‖22)
5
3 ≤ −C(‖√ρruθ‖22)
5
3 ,
and
‖ruθ‖22 ≤ C ≤ ‖
√
ρruθ‖22 ≤ C〈t〉−
3
2 . (4.5)
• The decay estimate of ‖uθ(t)‖22.
Multiply the equation (1.3)3 by u
θ, we have
1
2
d
dt
‖√ρuθ‖22 + ‖∇uθ‖22 + ‖
uθ
r
‖22 = −
∫
R3
ρ
ur
r
(uθ)2 dx
≤ C‖u
r
r
‖42‖uθ‖22 +
1
2
‖∇uθ‖22. (4.6)
Applying the decay estimates (1.14), we have
d
dt
‖√ρuθ‖22 + ‖
uθ
r
‖22 ≤ C‖
ur
r
‖42‖uθ‖22 ≤ C〈t〉−
13
2 .
Set S(t) = {x|r ≤ M− 12 g(t)−1}, g(t) = √γ (1 + t)− 12 , γ > 5
2
. From (4.5), we get
d
dt
‖√ρuθ(t)‖22 + g(t)2‖
√
ρuθ(t)‖22 =
d
dt
‖√ρuθ‖22 + g(t)2(
∫
S(t)
ρ|uθ|2 dx+
∫
S(t)c
ρ|uθ|2 dx)
≤ d
dt
‖√ρuθ‖22 +
∫
S(t)
|u
θ
r
|2 dx+ g(t)2
∫
S(t)c
ρ|uθ|2 dx
≤ C〈t〉− 132 +Mg(t)2
∫
S(t)c
1
r2
|ruθ|2 dx
≤ C〈t〉− 132 +M2g(t)4‖ruθ‖22
≤ C〈t〉− 72 ,
and
e
∫ t
0
g(τ)2dτ‖√ρuθ(t)‖22 ≤ ‖
√
ρ0u
θ
0‖22 + C
∫ t
0
e
∫ τ
0
g(s)2ds〈τ〉− 72 dτ.
Since e
∫ t
0
g(τ)2dτ ≈ 〈t〉γ , γ > 5
2
, we have
〈t〉γ‖√ρuθ(t)‖22 ≤ C‖
√
ρ0u
θ
0‖22 + C〈t〉γ−
5
2 ,
and
‖uθ(t)‖22 ≤ C‖
√
ρuθ(t)‖22 ≤ C〈t〉−
5
2 . (4.7)
• The decay estimate of ‖∇(uθeθ)‖22.
We notice that
‖∇(uθeθ)‖22 = ‖∇uθ‖22 + ‖
uθ
r
‖22 = ‖ωr‖22 + ‖ω3‖22, (4.8)
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∆(uθeθ) = (∆− 1
r2
)uθeθ. (4.9)
And applying (1.5) and (2.7), we obtain, directly from (1.3)3, that
‖(∆− 1
r2
)uθ‖2 ≤ ‖ρuθt‖2 + ‖ρ(u · ∇+
ur
r
)uθ‖2
≤ C‖√ρuθt‖2 + C‖urω3‖2 + C‖u3ωr‖2
≤ C‖√ρuθt‖2 + C‖∇u‖
3
2
2 (‖∇ωr‖2 + ‖∇ω3‖2)
1
2
≤ C‖√ρuθt‖2 + C‖∇u‖
3
2
2 ‖(∆−
1
r2
)uθ‖
1
2
2
≤ C‖√ρuθt‖2 + C‖∇u‖32 +
1
2
‖(∆− 1
r2
)uθ‖2. (4.10)
Set s = t
2
. From (1.14) and (4.6), apply the Grownwall inequality, we have
‖√ρuθ(t)‖22 +
∫ t
s
‖∇uθ(τ)‖22 + ‖
uθ(τ)
r
‖22 dτ ≤ C‖
√
ρuθ(s)‖22 exp(C
∫ t
s
‖∇u(τ)‖42 dτ)
≤ C‖uθ(s)‖22
≤ C〈t〉− 52 . (4.11)
Multiplying the equation (1.3)3 by u
θ
t , using integration by parts, we have
d
dt
(‖∇uθ‖22 + ‖
uθ
r
‖22) + ‖
√
ρuθt‖22 = −
∫
R3
ρ(u · ∇uθ + u
r
r
uθ)uθt dx
= −
∫
R3
ρ(urω3 − u3ωr)uθt dx
≤ Cδ‖∇u‖42(‖ωr‖22 + ‖ω3‖22)
+δ(‖∇ωr‖22 + ‖∇ω3‖22 + ‖
√
ρuθt‖22). (4.12)
From (2.13), we have
1
2
d
dt
(‖ωr‖22 + ‖ω3‖22) +
∫
R3
1
ρ
(∂3ω
r − ∂rω3)2 dx
=
∫
R3
(ωr∂r + ω
3∂3)u
rωr + (ωr∂r + ω
3∂3)u
3ω3 dx
≤ Cδ‖∇u‖42(‖ωr‖22 + ‖ω3‖22) + δ(‖∇ωr‖22 + ‖∇ω3‖22). (4.13)
Let f1(t) = ‖ωr(t)‖22 + ‖ω3(t)‖22. From (4.11), it satisfies that∫ t
s
f1(τ)dτ ≤ C〈t〉− 52 . (4.14)
Combine (4.12) and (4.13), applying (2.7) (2.8) and (4.8), picking δ sufficiently small, we have
d
dt
f1(t) + ‖(∆− 1
r2
)uθ‖22 + ‖
√
ρuθt‖22 ≤ C‖∇u‖42f1(t). (4.15)
Multiplying the above inequality by (t− s) leads to
d
dt
((t− s)f1(t)) ≤ f1(t) + C‖∇u‖42(t− s)f1(t).
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Applying Grownwall inequality, we have
(t− s)f1(t) ≤
∫ t
s
f1(τ)dτ exp(C
∫ t
s
‖∇u(τ)‖42dτ) ≤ C
∫ t
s
f1(τ)dτ.
Taking s = t
2
, from (4.14), we have
f1(t) ≤ Ct−1〈t〉− 52 ,
thus
‖∇(uθeθ)(t)‖22 = f1(t) ≤ C〈t〉−
7
2 . (4.16)
• The decay estimates of ‖uθt (t)‖22 + ‖(∆− 1r2 )uθ(t)‖22.
Applying Grownwall lemma to (4.15) over [s, t], s = t
2
, we have
f1(t) +
∫ t
s
‖(∆− 1
r2
)uθ‖22 + ‖
√
ρuθt‖22dτ ≤ f1(s) exp(C
∫ t
s
‖∇u‖42dτ) ≤ Cf1(s) ≤ C〈t〉−
7
2 . (4.17)
Applying (1.14), we have∫ t
s
(τ − s)‖ut‖22 ≤ Ct
∫ t
s
τ−1〈τ〉− 52dτ ≤ C〈t〉− 32 . (4.18)
By taking ∂t to (1.3)3, we have
ρuθtt + ρu · ∇uθt − (∆−
1
r2
)uθt = −ρtuθt − ∂t(ρu) · ∇uθ − ∂t(ρ
ur
r
uθ). (4.19)
Taking L2 inner product of the above equation with uθt and using the transport equation (1.3)1,
we have
1
2
d
dt
‖√ρuθt‖22 + ‖∇uθt‖22 + ‖
uθt
r
‖22 =
∫
R3
div(ρu)(uθt + u · ∇uθ + ur
uθ
r
)uθt
−ρut · ∇uθuθt − ρ
urtu
θ + uruθt
r
uθt dx
=
∫
R3
div(ρu)(uθt + u
3∂3u
θ + urω3)uθt − ρurtω3uθt
−ρu3t∂3uθuθt − ρ
ur
r
uθtu
θ
t dx. (4.20)
Using integration by parts, Ho¨lder inequality, Sobolev inequality, Cauchy inequality, (2.8) and
(4.10), we have
d
dt
‖√ρuθt‖22 + ‖∇uθt‖22 + ‖
uθt
r
‖22
≤ C‖∇u‖2‖uθt‖3(‖∇uθt‖2 + ‖
uθt
r
‖2) + C‖∇u‖22(‖∇ωr‖2 + ‖∇ω3‖2)
×‖∇uθt‖2 + C‖ut‖2(‖ωr‖3 + ‖ω3‖3)‖∇uθt‖2
≤ C‖∇u‖42‖
√
ρuθt‖22 + C‖∇u‖102 + C(‖∇u‖42 + ‖∇u‖2‖uθt‖2)‖ut‖22
+
1
2
(‖∇uθt‖22 + ‖
uθt
r
‖22). (4.21)
Multiplying the above inequality by (t− s), and applying Grownwall inequality on [s, t], we have
(t− s)‖√ρuθt (t)‖22
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≤ C(
∫ t
s
‖√ρuθt (τ)‖22 + (τ − s)‖∇u‖102 + (τ − s)(‖∇u‖42 + ‖∇u‖2‖uθt‖2)‖ut‖22dτ)
× exp(C
∫ t
s
‖∇u‖42dτ). (4.22)
Taking s = t
2
, t > 1, applying (1.14), (4.17), and (4.18), we have
t‖√ρuθt (t)‖22 ≤ C(
∫ t
s
‖√ρuθt (τ)‖22 + (τ − s)‖∇u‖102 + (τ − s)(‖∇u‖42 + ‖∇u‖2‖uθt‖2)‖ut‖22dτ)
≤ C
(
〈t〉− 72 + t sup
τ∈[s,t]
‖∇u(τ)‖82 + sup
τ∈[s,t]
(‖∇u‖42 + ‖∇u‖2‖uθt‖2)
∫ t
s
(τ − s)‖ut‖22dτ
)
≤ C
(
〈t〉− 72 + 〈t〉−9 + (〈t〉−5 + 〈t〉− 54 t− 12 〈t〉− 54 )〈t〉− 32
)
≤ C〈t〉− 72 . (4.23)
Thus by (4.10), we have
‖uθt (t)‖22 + ‖(∆−
1
r2
)uθ(t)‖22 ≤ Ct−1〈t〉−
7
2 , ∀t > 0. (4.24)
Therefore the result (1.11) can be directly derived, and Theorem 1.1 is proved. 
5. Appendix
Proof of Lemma 2.4.
Multiplying the equation (1.3)3 by (u
θ)3, using integration by parts, applying Ho¨lder inequality,
Sobolev inequality, Cauchy inequality and (2.2), we have
1
4
d
dt
∥∥√ρ(uθ)2∥∥2
2
+
3
4
∥∥∇(uθ)2∥∥2
2
+
∥∥∥∥(uθ)2r
∥∥∥∥
2
2
= −
∫
R3
ρ
ur
r
(uθ)2(uθ)2 dx
≤ C‖u
r
r
‖ 18
5
∥∥uθ∥∥218
5
∥∥(uθ)2∥∥
6
≤ C‖u
r
r
‖
1
3
2 ‖∇
ur
r
‖
2
3
2 ‖uθ‖
2
3
2 ‖∇uθ‖
4
3
2 ‖∇(uθ)2‖2
≤ C‖uθ‖
2
3
2 ‖Γ‖
2
3
2 ‖∇u‖
5
3
2
∥∥∇(uθ)2∥∥
2
≤ C‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 +
1
2
∥∥∇(uθ)2∥∥2
2
.

Proof of Lemma 2.5.
Let r0 > 0. Applying the Gagliardo-Nirenberg-Sobolev inequality, Cauchy inequality, (2.1),
(2.2) and Lemma 2.2, we have
‖u3∂3u3‖22
≤ ‖u3∂rur‖22 + ‖u3
ur
r
‖22
= ‖u3∂rur(|r≤r0 + |r>r0)‖22 + ‖u3
ur
r
‖22
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≤ ‖u3(r∂ru
r
r
+
ur
r
)|r≤r0‖22 + ‖u3∂rur|r>r0‖22 + ‖u3
ur
r
‖22
≤ r20‖u3∂r
ur
r
‖22 + ‖u3∂rur|r>r0‖22 + 2‖u3
ur
r
‖22
≤ r20‖u3‖2∞‖∂r
ur
r
‖22 + ‖u3∂rur|r>r0‖22 + 2‖u3‖29‖
ur
r
‖218
7
≤ Cr20‖u3‖H˙1‖u3‖H˙2‖∂r
ur
r
‖22 + ‖u3∂rur|r>r0‖22 + C‖u3‖ 18
7
‖∆u3‖2‖u
r
r
‖
4
3
2 ‖∇
ur
r
‖
2
3
2
≤ Cr20‖∇u3‖2‖∆u3‖2‖Γ‖22 + ‖u3∂rur|r>r0‖22 + C‖u3‖
2
3
2 ‖∇u3‖
1
3
2 (‖∇ωθ‖2 + ‖Γ‖2)‖
ur
r
‖
4
3
2 ‖Γ‖
2
3
2
≤ Cr20‖∇u‖2‖(‖∂rωθ‖2 + ‖Γ‖2)‖Γ‖22 + ‖u3∂rur|r>r0‖22
+C‖u‖
2
3
2 ‖Γ‖
2
3
2 ‖∇u‖
5
3
2 (‖∇ωθ‖2 + ‖Γ‖2),
‖ur∂ru˜‖22 ≤ ‖r
ur
r
∂ru˜(|r≤r0 + |r>r0)‖22
≤ r20‖
ur
r
∂ru˜‖22 + ‖ur∂ru˜|r>r0‖22
≤ Cr20‖
ur
r
‖26‖∂ru˜‖23 + ‖ur∂ru˜|r>r0‖22
≤ Cr20‖Γ‖22‖ωθ‖23 + ‖ur∂ru˜|r>r0‖22
≤ Cr20‖∇u‖2‖∇ωθ‖2‖Γ‖22 + ‖ur∂ru˜|r>r0‖22,
and
‖u3∂3ur‖22 ≤ ‖u3r∂3
ur
r
(|r≤r0 + |r>r0)‖22
≤ r20‖u3∂3
ur
r
‖22 + ‖u3∂3ur|r>r0‖22
≤ r20‖u3‖2∞‖∂3
ur
r
‖22 + ‖u3∂3ur|r>r0‖22
≤ Cr20‖∇u3‖2‖∆u3‖2‖Γ‖22 + ‖u3∂3ur|r>r0‖22
≤ Cr20‖∇u‖2‖Γ‖22(‖∇ωθ‖2 + ‖Γ‖2) + ‖u3∂3ur|r>r0‖22.
Applying (1.5), (2.2) and Lemma 2.2, we have
‖∇˜∇˜u˜‖2 ≤ C‖∆u3‖2 + ‖∇˜∂3ur‖2 + ‖∇˜∂rur‖2
≤ C‖∆u3‖2 + ‖∇˜(ωθ + ∂ru3)‖2 + ‖∇˜(∂3u3 + u
r
r
)‖2
≤ C‖∆u3‖2 + ‖∇˜ωθ‖2 + ‖∇˜u
r
r
‖2
≤ C‖∇ωθ‖2 + C‖Γ‖2. (5.1)
Thus, applying the Sobolev inequality in 2-Dimension, (2.1), (2.2), (5.1) and Lemma 2.2, we have
‖u˜ · ∇˜u˜|r>r0‖22 =
∫
R
∫ ∞
r0
|u˜ · ∇˜u˜|2 rdrdx3
≤ ( sup
r>r0,x3∈R
|u˜|2)
∫
R
∫ ∞
r0
|∇˜u˜|2 rdrdx3
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≤ C(
∫
R
∫ ∞
r0
|u˜|2drdx3) 12 (
∫
R
∫ ∞
r0
|∇˜∇˜u˜|2drdx3) 12‖∇u‖22
≤ C
r0
‖u‖2(‖Γ‖2 + ‖∇ωθ‖2)‖∇u‖22. (5.2)
Take
r0 =
(‖u‖2‖∇u‖2
‖Γ‖22
) 1
3
, (5.3)
and combing the above estimates, we have
‖u˜ · ∇˜u˜‖22
≤ C‖u‖
2
3
2 ‖Γ‖
2
3
2 ‖∇u‖
5
3
2 (‖∇ωθ‖2 + ‖Γ‖2)
≤ Cδ‖u‖
4
3
2 ‖Γ‖
4
3
2 ‖∇u‖
10
3
2 + δ(‖∇ωθ‖22 + ‖Γ‖22).

Proof of Lemma 3.1.
It is easy to see that m ≤ J ǫ ∗ ρ0 ≤M, and
|(J ǫ ∗ (ρ0 − 1))(0, x3)| =
∫
J ǫ(r, z)|ρ0(r, x3 − z)− 1| rdrdz ≤ C0
∫
J ǫ r dx ≤ Cǫ.
Then 0 < m
2
≤ ρǫ0 ≤ M2 when ǫ is sufficient small.
Set r =
√
x21 + x
2
2, s =
√
y21 + y
2
2 and C0 = ‖ρ0−1r ‖∞. When r ≤ 5ε, it can be deduced directly,
|ρǫ0(x)− 1| = |J ǫ ∗ (ρ0 − 1)− (J ǫ ∗ (ρ0 − 1))(0, x3)|
≤ |
∫
(J ǫ(x− y)− J ǫ(s, x3 − y3))(ρ0(y)− 1) dy|
≤ C0
∫
|J ǫ(
√
r2 + s2 − 2rs cos(τ), x3 − y3)− J ǫ(s, x3 − y3)|s2dsdτdy3
≤ C0
∫
s≤6ǫ,|x3−y3|≤ǫ
|
√
r2 + s2 − 2rs cos(τ)− s||∇J ǫ|∞s2dsdτdy3
≤ C0Cr
∫
s≤6ǫ,|x3−y3|≤ǫ
ǫ−4sdy
≤ C0Cr.
When r > 5ε, we have that s ∈ [ r
2
, 2r], if (x− y) ∈ suppJ ǫ, and
|ρǫ0(x)− 1| = |J ǫ ∗ (ρ0 − 1)− (J ǫ ∗ (ρ0 − 1))(0, x3)|
≤ C0
∫
J ǫ(x− y)sdy + C0
∫
J ǫ(s, x3 − y3)sdy
≤ 2C0r + C0ǫ
≤ CC0r.

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